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» Renormalisation of the gap equations and the equation of
state in general models

» The method of constructing the counter-terms for invariant
tensor structures

» Example 1: SU(N)x SU(N) meson model, focusing on N= 3
and N — oo

» Example 2: U(3)x U(3) meson model

» Solving the renormalised equations using phenomenological
input

» Mass spectra at zero temperature
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Renormalisation

» Consider a general Lagrangian:
L= %[8“038“03 + 0yma0t T, — u%aaaa — prwawa] —
%FfbchanUcUd — %F;deaﬁbﬂcwd — 2Hap, cd a0 Oy
» It fits the O(N), and also the SU(N)xSU(N) model with
M= T,(os+ ima)
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Renormalisation

» Consider a general Lagrangian:
L= %[@Uaaﬂaa + 0yma0t T, — u%aaaa — /ﬁﬂrawa] —
%FfbchanUcUd — %F;deaﬁbﬂcwd — 2Hap, cd a0 Oy

» It fits the O(N), and also the SU(N)xSU(N) model with
M= T,(os+ ima)

» It is assumed, that only the sigma field has non-zero
expectation value

» The 2Pl effective potential is the following:
V= %Ngb,s‘}a&b + %Ffbcda-aa-ba-ca-d - é fk[DaibLg Glfa +
DGR — —1 [ 1InG;tS + InG ;P + Vo + vt
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Renormalisation

» Consider a general Lagrangian:
L= %[@Uaaﬂaa + 0yma0t T, — u%aaaa — /ﬁﬂrawa] —
%FfbchanUcUd — %F;deaﬁbﬂcwd — 2Hap, cd a0 Oy

» It fits the O(N), and also the SU(N)xSU(N) model with
M= T,(os+ ima)

» It is assumed, that only the sigma field has non-zero
expectation value

» The 2Pl effective potential is the following:
V= %Ngb,s‘}a&b + %Ffbcda-aa-ba-ca-d - é fk[DaibLg Glfa +
DGR — —1 [ 1InG;tS + InG ;P + Vo + vt

» In Hartree approximation V5, contains the double bubble
diagrams in the theory

» V< contains the counter-terms

Phenomenological applications of the 2Pl Hartree approximatic

Gergely Fejos



Renormalisation

» Counter-term structure: V< = V7t + V5t + VSt
> Vit = *5Mab 5Ta0b + 30FabcdGabbFcTq
> V5= 3003, s fy Gia(K) + 30015, p [y GtZ (k) +
45F ey fk ab(k Fcdg + 40 Hapey fk b(K)Fcaqg
> V5t = 0F 50 i G3o(K) fp Go(p) +
JF; sbed Ji G‘ﬁ) fp Ggf (P) + 20Habcd [, Gfb(k) fp GcF:f(P)
» O different counter tensors
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Renormalisation

» Counter-term structure: V< = V7t + V5t + VSt

> V= ldﬂgb 55'35'b + *5Fabcd0'ao'b(7c0'd

> Ct* l(s;uabekG (k)—i_lauabPIkG k)+
45Fabcd fk ab(k O'C(Td +45Habcd fk ab Uca'd

> V§t=0Fy, abed fk 2o(k) f Gea(p

0F Jhed Ji Gap(K) f, GLy(p) + 25Habcd S Gop(K) [, GE(p)
» O different counter tensors

—~ = ( give the gap

» The stationary conditions: oV —0,2 50

§GH°
equations and the equation of state

» One has to separate the finite parts from the divergences, in
the tadpole integrals My renormalisation scale has to be
introduced
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Renormalisation

» With the notation
s,p S,P S,P S,PASP /[

Mcd = O O M2 fk ch = Oce Ode T(M_%;P,e)7

the finite parts are.
> P gap: M§b7P =

Ngb,P + 4Hapcq 02, 05 TF(MS o) +4FL, 4080 TF(M/23 e)
> S gap: M, s = i3, 5 +4F5qc0d +

4F.;Sbcdos O TF(M ) + 4HabchP Ode TF(M/% e)

» Eq. of state: I\/lab s0p = %Ffbcdébﬁcad
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Renormalisation

» With the notation
S.p S,p S,p SPASP /[
Mcd = O O M2 fk ch = Oce Ode T(M_%;P,e)7
the finite parts are.
> P gap: Mgb,P =
12 p + HHabed OZ. 05, Tr (M3 ) + 4F L, 4OLOL Tr(M3 )
> S gap: M3, s = i3y 5 + 4F3hcq0cd +
4F.;Sbcdos O TF(M ) + 4HabchP Ode TF(M/% e)
» Eq. of state: I\/lab s0p = %Ffbcdébﬁcad
» Types of divergences: & independent, & dependent overall

divergences, Tr dependent subdivergences — it must be
ensured that all types of these expressions vanish
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Renormalisation

> 0F5, gy OF! 1 6Hapea determines §Faped, 6 Hapea and §Fapeq

» The 3 mass counter tensors can be expressed with the above 6
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Renormalisation

5Ffbcd,5Fa’ZCd,6Hade determines 5/:'3bcd,6l':labcd and 5I:'abcd

v

v

The 3 mass counter tensors can be expressed with the above 6

v

The non-trivial problem is to solve the following equations:
s/P S/P S/P\S/P
(OF / +4Td[( ab/cd +dF. b/cd)F ; + (Hab,cd +

v

abmn cdmn

OHab,ca)Hedm] ) Onel O3 TE(Z ) = 0

S/P S/P
<5Hab mn + 4Td[( ab/cd +oF b/cd)Hcd mn + (Hab,cd +

5Hab,cd) clif/rfm]) Oiésop/s (MI%/S e) 0

v
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Renormalisation

> 5Ffbcd,5Fa’ZCd,6Hade determines 5/:'3bcd,6l':labcd and 6F.peq
» The 3 mass counter tensors can be expressed with the above 6
» The non-trivial problem is to solve the following equations:
S/P S/P S/P\S/P
> (O Fab/mn + 4Td[( ab/cd + oF, b/cd)ch/mn + (Hab,cd +
OHab,ca)Hedm] ) Onel O3 TE(Z ) = 0

S/P S/P
<5Hab mn + 4Td[( ab/cd +0F b/cd)Hcd mn T (Hab,cd +

OHab,cd) C,‘Z/,ST'm])OP/SOP/S (MI%/Se) 0

» Assuming that the the spectrum contains enough different
masses, the projecting is irrelevant

v
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Renormalisation

» The coupling and the counter tensors are linear combinations
of independent rank-4 invariant tensors (t%) of the symmetry
group

> F/P

s/p
sbed = 2o fa topegs  Habed = Do hatipey

S a a
> 5Fsb/cf! = Za 5f0‘ /Ptabcd7 5H3b€d = Za 5/704 tabcd

a
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Renormalisation

» The coupling and the counter tensors are linear combinations
of independent rank-4 invariant tensors (t%) of the symmetry

group
£S/P _

S/Pta _
Fabed = 220 o’ toheds  Habed = 220 Matpeg
Y S/P.q
> OF abcd — Z Ot tabcd’ 5H3b€d - Z 5/7 tabcd
» It is useful to work out a mu|t|p||cat|on table for these
2
invariants: tabcd cdef — Z gaﬁ'y abef

> After determing the g3, coefficients, (57‘0?/P, Ohy
counterterms can be easily expressed, since the equations are
linear
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SU(N)xSU(N) meson model, N=3 case

» In this model the four-point coupling tensors F /d and H,peyg
can be written in the foIIowmg form:
Fabcd Fhed = B0ab0cd + B (6acObd + 0adObe) +
§ abmdcdm + + (dacmdbdm + dadmdbcm)

> Habed = (81 + 2815 ,0cd — £ (JacObd + 02d0bc) +
3% abmdcdm - %(dacmdbdm + dadmdbcm)
> Definition of d tensors: {\;, \j} = %8 + 2djx A«
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SU(N)xSU(N) meson model, N=3 case

» In this model the four-point coupling tensors F /d and H,peyg
can be written in the foIIowmg form:
Foncd = Fibed = 5 0ab0cd + 8(3acObd + Gaddbe) +

a a

& dabmedm + & + (dacmdbdm + dadmdbem)
> Habcd = 3(81 + 2815 ,0cd — £ (JacObd + 02d0bc) +
28 4 b edm — & (dacmdbam + dadmbem)
> Definition of d tensors: {\;, \j} = %8 + 2djx A«
» The indicated set of 4 invariants is closed under multiplication
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SU(N)xSU(N) meson model, N=3 case

In this model the four-point coupling tensors F /d and Hpeq
can be written in the foIIowmg form:

Fabcd Fhed = B0ab0cd + B (6acObd + 0adObe) +

§ abmdcdm + + (dacmdbdm + dadmdbcm)

Hab,cd = %(gl + 2%)5ab5cd - %(6365bd + 5ad6bc) +

3% abmdcdm - %(dacmdbdm + dadmdbcm)

> Definition of d tensors: {\;, \j} = %8 + 2djx A«

» The indicated set of 4 invariants is closed under multiplication

» Special case N= 3: there are only 3 invariants, because of the
relation:

dabmAedm + dacmdbdm + dadmdbem = %(5ab5cd + 5ac5bd + 5ad6bc)
One realises that §FP = §F°, therefore there are 6 counter
terms: 0f1, 01, 0f3,0h1,0hy, 0hy and 6 equations
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SU(N)xSU(N) meson model, N=3 case

> The equations are the following:
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SU(N)xSU(N) meson model, N=3 case

> The equations are the following:

> 0f = —8Td[5f(f + 5f1) + f(f + (51[2) + 4h1(h1 + 5h1)+
hl(hz + 5/72) + hg(hl + 5/71)]

> 0fh = =8Ty4[f(f + 0f2) + ha(h2 + dh2)]
> 0fs = —8Ty4[fdfs + h3(ha + dh2) + (h2 + 5h3/6)(h3 + dh3)]

> 0hy = —8Tg[(4hy + ho)(f + 6f1) + hi(f + 0F) + 5 (h1+
dh1) + f(hy + dh2)]

> Ohy = —8Ty[ha(f + 0f2) + f(ha + dh2)]
> Ohs = =8T4[h3(f + 0f2) + 6f3(hz + 5h3/6) + f(hs + 5h3)]
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SU(N)xSU(N) meson model, N=3 case

> The equations are the following:

> 0 = —8Td[5f(f + 5f1) + f(f + (51[2) + 4h1(h1 + 5h1)+
hl(hz + 5/72) + h2(h1 + 5/71)]

> 0fy = —8T4[f(f + 5f) + ha(ha + 6 ho)]

> 0z = —8Td[f(5f’3, + h3(h2 + (5/72) -+ (h2 + 5/73/6)(/73 + 5/73)]

> 0hy = —8Tg[(4hy + ho)(f + 6f1) + hi(f + 0F) + 5 (h1+
dh1) + f(hy + dh2)]

> Ohy = —8Ty[ha(f + 0f2) + f(ha + dh2)]
> Oh3 = —8Ty[h3(f + 0f2) + 0f3(ha + 5h3/6) + f(h3 + h3)]
» They are linear, easy to solve them
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SU(N)xSU(N) meson model, N — oo case

» The general SU(N) tensors’ multiplication table contains only
one product which scales with N?, this is the only one which
counts while solving the equations for counter terms

> 5ab6cd*5cd(sef = (N2 - 1)5ab66f
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SU(N)xSU(N) meson model, N — oo case

» The general SU(N) tensors’ multiplication table contains only
one product which scales with N?, this is the only one which
counts while solving the equations for counter terms

Sab0ca*Ocader = (N? — 1)8p0ef

In this case there will be 2 counter terms: df;, dh;
5f + 4TyN?((fp + 6f1)f + (hy + 6h1)hy) =0

Shy + 4TgN2((A + 0f)hy 4 (hy + 6h1)R) =0

vV v v Y
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SU(N)xSU(N) meson model, N — oo case

» The general SU(N) tensors’ multiplication table contains only
one product which scales with N?, this is the only one which
counts while solving the equations for counter terms

5ab60d*5cd56f = (N2 - 1)53b66f

In this case there will be 2 counter terms: 6f;, dh;

0fi +ATgN?(( + 6 )f + (hy + 6h1)h) =0

Shy + 4TgN2((A + 0f)hy 4 (hy + 6h1)R) =0

Since at large N fi = h; = g1/4, one can consistently choose
0hy = 6fi =: g1 — one single counterterm is enough to

renormalise the theory

2 2
> We get g1 = —%, which coincides with the O(2N?)

model's coupling counterterm at large N

vV v v Vv Y
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» The group algebra modifies as: {A\;, \p} = dapcAc with

dapo = \/%53b

» F and H coupling tensors' expression do not change, but all
the indices run from 0 to 8
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U(3)xU(3) model

» The group algebra modifies as: {A\;, \p} = dapcAc with

dapo = \/%53b

» F and H coupling tensors' expression do not change, but all
the indices run from 0 to 8

» U(3) can also be interpreted as a direct product of an SU(3)
and a U(1) groups

» The F and H tensors can not be expressed with 3 invariant
tensors closing under multiplication
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The group algebra modifies as: {A;, A\p} = dapcAc with

dapo = \/%53b

F and H coupling tensors’ expression do not change, but all
the indices run from 0 to 8

U(3) can also be interpreted as a direct product of an SU(3)
and a U(1) groups

The F and H tensors can not be expressed with 3 invariant
tensors closing under multiplication

The minimum set of invariants has to contain 9 invariant
tensors

It means that 18 different counter terms have to be
determined
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U(3)xU(3) model

» The used invariant tensors:

> t1, = 0ap0ca(1 — 020)(1 — 8p0) (1 — dco0)(1 — bao),
t2, g = (6ac0bd + 62d0cb) (1 — 620) (1 — 6p0)(1 — 5c0)(L — duo),
t3, g = dabmdeam(1 — 820)(1 — Jp0)(1 — Jc0)(1 — da0),
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U(3)xU(3) model

» The used invariant tensors:

> t1 = 0an0cd(1 — 820)(1 — 8p0)(1 — 6c0)(1 — dao),
tgbcd (5865bd + 5ad5cb)(1 - 5a0)(1 - 5b0)(1 - 5c0)(1 - 5do),
t2ped = dabmdedm(1 — 620)(1 — 660)(1 — dc0)(1 — da0),
> t5heq = 0ab(1 — 020)(1 — 650)dc0ddo,
t2hed = Ocd(1 = 6c0)(1 — 6c0)d2000,
tohed =
5ad5b05c0(1 - 530)(1 - 5d0) + 5355[3055/0(1 — 530)(1 — 5(_-0)4—
5bd530660(1 - 5b0)(1 - (5d0) + 5bc5306d0(1 — (5b0)(l — 5c0)7
tlpeq = dacddb0(1 — 020)(1 = 8co)(1 — dg0)+
dabddco(1 — 620)(1 — dp0)(1 — ddo),
t8)cq = dabcddo(1 — 620)(1 — dp0)(1 — dco) +
dabdddo(1 — 020)(1 — 650)(1 — bcd),
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U(3)xU(3) model

» The used invariant tensors:

> t1 = 0an0cd(1 — 820)(1 — 8p0)(1 — 6c0)(1 — dao),
tgbcd (5865bd + 5ad5cb)(1 - 5a0)(1 - 5b0)(1 - 5c0)(1 - 5do),
t2ped = dabmdedm(1 — 620)(1 — 660)(1 — dc0)(1 — da0),
> t5heq = 0ab(1 — 020)(1 — 650)dc0ddo,
t2hed = Ocd(1 = 6c0)(1 — 6c0)d2000,
tohed =
5ad5b05c0(1 - 530)(1 - 5d0) + 5355[3055/0(1 — 530)(1 — 5(_-0)4—
5bd530660(1 - 5b0)(1 - (5d0) + 5bc5306d0(1 — (5b0)(l — 5c0)7
tlpeq = dacddb0(1 — 020)(1 = 8co)(1 — dg0)+
dabddco(1 — 620)(1 — dp0)(1 — ddo),
t8)cq = dabcddo(1 — 620)(1 — dp0)(1 — dco) +
dabdddo(1 — 020)(1 — 650)(1 — bcd),

> 2, 1 = 0200600c00d0-
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Solving the finite gap equations and the equation of state

» The earlier model can be extended:
AL = c|det(A\o(0a + iT,)) + det(Ao(oa + imo))T] +

Tr {)\aha ()\b(ab +imp) + (Ap(op + mb))Tﬂ

» The non-zero expectation values are set to: g, 73
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Solving the finite gap equations and the equation of state

» The earlier model can be extended:
AL = c|det(\a(7a + ima)) + det(No(o, + ima)) | +
Tr [ Aaha (Mo(os + imb) + ({0 + i) )|

» The non-zero expectation values are set to: g, 73

» In this case the model's parameters are: ¢, p, g1, &, ho, hs,
Mo, T

» There are 8 gap equations + 2 equations for the angles of the
diagonalizing matrices + 2 equations of state — 12 equations
have to be solved simultaneously
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Solving the finite gap equations and the equation of state

» The earlier model can be extended:
AL = c|det(\a(7a + ima)) + det(No(o, + ima)) | +
Tr [ Aaha (Mo(os + imb) + ({0 + i) )|

» The non-zero expectation values are set to: g, 73

» In this case the model's parameters are: ¢, p, g1, &, ho, hs,
Mo, T

» There are 8 gap equations + 2 equations for the angles of the
diagonalizing matrices + 2 equations of state — 12 equations
have to be solved simultaneously

» The main goal is to get the condensates and the masses as a
function of the temperature

» The first step: parametrisation — change the variables, fix 4
masses at zero temperature and a given renormalisation scale
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v

Renormalization procedure for various types of
multicomponent scalar models

v

The explicit construction of the counter terms

2 examples: SU(N)xSU(N) and U(3)xU(3) models
Solving the finite equations, the mass spectrum scale
dependence at zero temperature

v

v

>

Near future: thermodynamics
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