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Outline

Motivation:
Mapping the boundary of the fist order phase
transition in the (mπ, mK, µB) space.

• Overview of the phases of the strongly interacting matter and the
chiral symmetry

• Parameterization of the SUL(3)× SUR(3) linear sigma model on
the mπ –mK mass plane

• Termodynamical calculations in the quasi–particle picture,
restoration of chiral symmetry at finite temperature

• One–loop parameterization of the model

• The phase boundary in the (mπ, mK) plane

1



Phases of QCD

Normal temperature/density:
strongly interacting matter→ hadrons

Extreme temperature/density:
new phases → quark–gluon plasma,
color superconductor

color
supercond.

µ

T

hadrons

quark−gluonplasm
a

Increasing temperature:

formation of quark–gluon plasma→ restoration of chiral symmetry

Chiral symmetry is a global symmetry of the QCD so it can be
investigated in effective models because they have the same

global symmetry as the QCD
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Chiral symmetry of QCD

LQCD = −1
2

TrGνµGνµ +
Nf∑
i=1

(q̄LiγµD
µqLi + q̄RiγµD

µqRi + q̄LimiqRi + q̄RimiqLi)

at low energy: Nf = 3 ( u,d,s quarks)
mi = 0:

symm. transformation: qL,R →L,R qL,R, L,R ∈ UL,R(3); “L±R=V,A ∈ UV,A(3)”

UL(3)× UR(3)
UA(1)
=⇒

anomaly
SUA(3)× SUV (3)× UV (1)

SUA(3) spontaneously broken for T < Tc:

SUA(3)× SUV (3)× UV (1) T≤Tc=⇒
spont. breaking

SUV (3)× UV (1)

Order parameters: M i
j = 〈q̄iLqRj〉 for Nf ≥ 2.

8 Goldstone bosons≡(π, K, η). Their non zero masses arise from mu,d,s 6= 0

isospin symmetry: mq ≡ mu = md, m2
π ∼ mq,m2

K ∼ mq +ms, m2
η ∼ mq + 2ms
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Phase diagrams of the chiral symmetry

In case of isospin symmetry mq ≡ mu = md

•Physical point: crossover
• Chiral point: 1st order
• ms →∞: 2nd order
• Existence of tricritical point?
• ms = mq: lattice QCD results
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SUL(3) × SUR(3) linear sigma model

q̄q bound states: mesons are transformed as 3̄⊗3=(8, 1)⊕(1, 8)

σi(0+): scalar nonet (1,8) πi(0−): pseudoscalar nonet (8,1)

they can be put into a 3×3 matrix: M := 1√
2

∑8
i=0(σi + iπi)λi

The Lagrangian:

L(M) =
1
2

Tr(∂µM†∂µM + µ2
0M
†M)− f1

(
Tr(M†M)

)2 − f2Tr(M†M)2 −

−g
(
det(M) + det(M†)

)
+ε0σ0 + ε8σ8 + ε3σ3

• two independent four–point couplings (f1, f2)
• three–point coupling: g det(M)→ UA(1) anomaly
• symmetry breaking external fields: ε0, ε8, ε3

ext. fields remaining symm. broken symm. quark, meson masses

ε0 6= 0 SUV (3)× UV (1) SUA(3) ε0 ∼ mq = ms ∼ m2
π = m2

K = m2
η

ε0,8 6= 0 SUV (2)× UV (1) UY (1) ε8 ∼ ms −mq ∼ m2
K −m

2
π/2

ε0,8,3 6= 0 UV (1) SUV (2) ε3 ∼ mu −md ∼ m2
π± −m

2
π0

5



Ground state of the broken phase

〈Re Diag (M) 〉0 6= 0 and defining pure non–strange, strange fields:0@σxσy
σ3

1A =
1
√

3

0B@
√

2 1 0

1 −
√

2 0

0 0
√

3

1CA
0@σ0

σ8

σ3

1A and
x ≡ 〈σx〉0
y ≡ 〈σy〉0
v3≡ 〈σ3〉0

then shifting the fields by their expectation value in the Lagrangian,

M −→M−

0@x+ v3 0 0

0 x− v3 0

0 0 y

1A =⇒
• equations of state for x, y, v3

• meson mass matrix
• new three point vertices

considering isospin symmetry ε3 = 0 =⇒ v3 = 0:

non-diagonal mass matrix: tree level PCAC relations: Ward identities: 
m2
π88

m2
π08

m2
π08

m2
π00

!
,

 
m2
σ88

m2
σ08

m2
σ08

m2
σ00

!
fπm

2
π = εx

fKm
2
K = 1

2(εx +
√

2εy)

εx = m2
πx,

εy = 1√
2
(m2

K −m
2
π)x+m2

Ky

The first step to the termodynamical calculations is the tree level
parameterization with the above equations
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Tree level parameterization

• Most of input data are from the well-
known pseudoscalar sector, but the
mixed scalar masses are unavoidable
due to the degeneration of f1 and
µ through M2 = −µ2 + 4f1(x2 + y2)
−→ assumptions A1, A2 for mixed
scalars −→ theoretical uncertainties

• This set of 8 coupled linear equations
determine the parameters therefore
(f1, f2,µ, g, εx, εy,x, y) depend on
mπ,mK,fπ, fK, m̄

2
η(≡ m2

η +m2
η′), A1,2.

inputs: outputs: predicts:
fπ

fK

)
=⇒

x

y

mπ

mK

m
2
η +m

2
η′

9>>>=>>>; =⇒

g

f2

M
2

9>>>>>>>>>=>>>>>>>>>;
=⇒

mη

mη′

θη

ma0

mκ

A1 & M2

A2 & M2

9=; =⇒
µ

2

f1

)
=⇒

mσ

mf0

θσ

Eosx = 0

Eosy = 0

)
=⇒

εx

εy

Going away from the physical point, we have to keep in mind that fπ, fK, m̄η

depend on mπ, mK. The functions fπ(mπ,mK), fK(mπ,mK), m̄η(mπ,mK)
provided by U(3) chiral perturbation theory (ChPT).
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Going away from the physical point

The pion, kaon mass dependence of the decay constant,

fπ(mπ,mK) = f

»
1−

1

f2

“
2µπ + µK − 4m

2
π(L5 + L4)− 8m

2
KL4

”–
, µα =

m2
α

16π2
ln
mα

4πf

fK(mπ,mK) = f

»
1−

1

f2

„
3

4
µπ +

3

4
µη +

3

2
µK − 4m

2
πL4 − 4m

2
K(L5 + 2L4)

«–
The mK dependence of η, η′ masses and the predictions of the LσM for mπ=0:
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Remarkable agreement up to mK ≈ 800 MeV for mπ = 0.
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Termodynamical calculations

Standard perturbation theory at finite T:

G0(p)ij =
[
p2 −m2

ij(x(T ), y(T ))
]−1

increasing T =⇒ m2
ij → −µ2

0

Negative mass squares appear in the propagators at finite T!!
→ Mass resummation needed!

Optimalised perturbation theory (OPT):

Lmass = −1
2
M2(T )TrM†M +

1
2

∆m2︷ ︸︸ ︷
(µ2

0 +M2(T )) TrM†M,

M2(T ): T dependent effective mass ∆m2: one–loop order counterterm

OPT replaces −µ2 →M2(T ) in the tree level masses
=⇒ appropriate choice of M2(T ) =⇒ m2

i (M(T ), x(T ), y(T )) > 0.

OPT preserves the renormalizibility and symmetries (Goldstone th., Ward ids.).
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Quasi–particle picture

Determination of M2(T ):

m2
π

!= Mπ = G−1
1 [ω = p = 0, T ] = m2

π −∆m2 + Σπ [ω = p = 0, T ,mi(mπ, x, y)]

in Σπ|p=0:� = 1m21 �m22 � "� �� # : Itp(m,T ) =
1

16π2
m

2
ln
m2

l2| {z }
Iltp(m)

+

Z
d3k

(2π)3

„
1

ω2

«
1

eβω − 1| {z }
ITtp(m,T )

,

Equations of state:

72 6. fejezet A fázisdiagram kvázirészeske közelítésben
6.1. táblázat. A pion tömeggel kifejezett fagráf tömegek, ezekt®l függnek a (6.9) gap egyen-letben, és az (6.10), (6.11) állapotegyenletekben szerepl® tadpole integrálok.táblázat). A (6.7) egyenletbe beírva a fenti kifejezést, a következ® ún. gap egyenletet kapjuka pion tömegre, (6.9)amelyben a tadpole integrálokban is az -vel kifejezett fagráf tömegeket szerepelnek.6.2. Az állapotegyenletekAz állapotegyenleteket az határozza meg, hogy az , rendparaméterekhez tartozó ,lineáris �uktuáiók várhatóértéke nulla legyen. A 6.2 ábrán látható, hogy egy-hurok rend-ben milyen gráfok határozzák meg ezeket a várhatóértékeket. Az ábra alapján a következ®állapotegyenleteket írhatjuk fel, (6.10)(6.11)ahol a tadpole integrálok , együtthatói (C.5 függelék), és a pion tömeggel kifejezettfagráf tömegek (6.1 táblázat) is expliiten függnek az , rendparaméterekt®l. Fontos meg-jegyezni, hogy a (6.9) gap egyenletben és a (6.10) állapotegyenletben szerepl® együtthatókmegegyeznek, és ezért véges h®mérsékleten is teljesül a (4.52) els® képletében szerepl® Wardazonosság.�σx

σy
: �Ex

Ey

+
∑

i=π, K, η, η′

�i

tyi

txi
+

∑
i=a0, κ, σ, f0

�i

tyi

txi
+�x∆m2

y∆m26.2. ábra. A és várhatóértékei egy-hurok rendben, ahol , ill. a fagráf szint¶ álla-potegyenletet jelöli a sere után. = 0

εx = −µ2
0 + 2gxy + 4f1xy

2
+ (4f1 + 2f2)x

3
+
X
i

t
x
i (x, y)Itp(mπ,mi(x, y), T )

εy = −µ2
0 + 2gx

2
+ 4f1x

2
y + (4f1 + 4f2)y

3
+
X
i

t
y
i (x, y)Itp(mπ,mi(x, y), T )

Quasi–particle approximation: I ltp(m) ≡ 0 !!
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Results in the physical point

The restoration of chiral symmetry is continuous (crossover) in the physical point
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Phase diagram (quasi-particle appr.)

Decreasing pion, kaon masses:
crossover −→ 1st phase transition.
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The phase boundaries for different
parameterizations

Different parameterization −→ different phase boundaries
−→ the highlighted band indicates the “real” boundary

−→ one–loop parameterization is needed.
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One–loop parameterization

One–loop level propagators at zero temperature,

Dα(p) =
iZ−1

π

p2 −m2
α − Σα(p2,mi, l)

, Z
−1
α ≡ 1−

∂Σα(p2,mi, l)

∂p2

˛̨̨̨
˛
p2=M2

α

Physical mass defined as the pole of the propagators,

M
2
α = m

2
α + Re

n
Σα(p

2
= M

2
α,mi, l)

o
The finite wave function renormalisation constant appears in the PCAC relations,

fπM
2
π = εx

p
Zπ, fKM

2
K =

1

2

“
εx +

√
2εy
”p

ZK

The equations of states are also written in the terms of propagators, with the help
of the Ward identities,

εx = −iD−1
π (p = 0)Z

−1
π x, εy =

−i
√

2

“
D
−1
K (p = 0)Z

−1
K (x+

√
2y)−D−1

π (p = 0)Z
−1
π x
”
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One–loop parameterization

The self energies contain tadpole and bubble diagrams:

3
Σπ =

∑
i=π, K, η, η′

ππ

i

+
∑

i=a0, κ, σ, f0

ππ

i

+
∑

i=a0, σ, f0

π

i

ππ +
∑

i=η, η′

i

a0

ππ +

K

κ

ππ + ππ

∆m2

ΣK =
∑

i=π, K, η, η′

KK

i

+
∑

i=a0, κ, σ, f0

KK

i

+
∑

i=a0, σ, f0

K

i

KK +
∑

i=π, η, η′

i

κ

KK + KK

∆m2

Σ ηkl
=

∑
i=K, η, η′

lk

i

+ lk

κ

+
j=η, η′∑
i=σ, f0

j

i

lk +

π

a0

lk +

K

κ

lk +

+ δkl

[
lk

π

+
∑

i=a0, σ, f0

lk

i

+ lk

∆m2

]

The inputs of the parameterization now can be restricted to the pseudoscalar
masses, decay constants. One doesn’t need any assumptions for the scalar

sector, but we had to solve numerically a set of 6 non-linear coupled equations.
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Scale dependence of the parameters

In the physical point:
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Temperature dependence in the physical point
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Phase boundary on the mπ –mK plane
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Phase boundary in the mπ –mK –µB space
Adding constituent quarks to the linear sigma model −→ chemical potentials can
be intruduced and our phase boundary became a surface in the mπ –mK –µB
plane. P. Kovács, Zs. Szép: PRD 75, 02501
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