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Wick rotation

The (unrenormalized) SDE for the quark—propagator:
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o N ® N o = +
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S~3(p) = A(~p?)p — B(~p?) = A(—p?) (B~ M(-p?))
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Wick rotation

The dressed quark—gluon vertex in the rainbow approximation

r(k,p) — "
The dressed gluon propagator in the Landau gauge
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Wick rotation

Wick rotation = SDE in the Euclidean space

1 A
Abx = X+@/o dyAZ(y;/y(l)Bz(y) oY)

3 o0 B
B(X) = m-+ @/0 dyAz(y;/y SY)BZ()/) kO(va)
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Wick rotation

ko(x,y) = 47rC|:/O dj3 sin® 3

as(Xx +Yy — 2,/Xy cos j3)
X +y —2,/Xy cos 3
B 4 . 2 Oés(x +y—2\/)WCOSﬁ)
ke(X,y) = 47TCF/O dg sin” 5 X +y — 2/Xy cos 3
2(/Xy €0s 3 — y)(x — /Xy c0s 3)
(\/WCOSBJF X +y — 2/Xy cos 3 >

X
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Wick rotation

Additional approximation to the Schwinger-Dyson equation: A =1

dk  M(k?)

M(pz) =m+3i (271')4 K2 _ Mz(kz)g(_(k - p)2)

as(—k?)
(—k?)
3 M(k?)
(2m)* k2 — M2(k2)

g(—k?) = 4nCe

f(—k?) =

I(—p?) = / d*k F(—k?)g(~(k — p)?)
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Wick rotation

M(—p®) = m +1(—p?)

2)—/d3k/dk° Y+ k[2)a(—(k° — p°)% + [k — p[?)

oeh
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Wick rotation

| define

F (k) = f(—(k%)? + [k [?)g(~(k® = p°)* + [k —p[?)

The residua theorem gives

I(x) = le(x)+Ir(X) +lc(x)
= IE(X)—|—27ri( Y ResF(z)— > ResF(z))
(ko) €R, (ko) €Ryy

@ I (x) - integral along imaginary k° axis
@ Ir(x) - poles contribution
@ Ic(x) - integral over arcs = 0
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Wick rotation

SDE in the Euclidean space for x € R

M(x) = m+Ig(x)+ Ir(X)

B 3 [*° yM(y)
= |R(X)+m+@/o dy y—i—Tz(y)kO(x’y)

/Wdﬁ sin? 3g(x +y — 2y/Xy cos j3)
0

kO(va)

@ | have assumed that Ic(x) =0
@ Ir(x) is not known a apriori
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Models overview

“Gaussian” Ansatz

Q2

=)

@ Jain and Munczek, Phys. Rev. D 48, 5403 (1993)
@ Alkofer, Watson, and Weigel, Phys. Rev. D 65, 094026 (2002)

9(Q?) = c Qzexp
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Models overview

Bloch’s Ansatz (IR part)

47w C Co &
g(Qz): QQF g0 2
ocp

@ Bloch, J. C. R,, Phys. Rev. D 66, 034032 (2002)
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Models overview

Bicudo’s Ansatz

2y _ 4 1 _ 1
9(Q%) = zma ()\%JFQZ )\5+Q2>

@ P. Bicudo, Phys. Rev. D 69, 074003 (2004)
@ V. Sauli, Czech. J. Phys. 55, 1205 (2005)
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“Gaussian” interaction

Interaction kernel

D Q2
Q? eXP(—F)

2 472
g(Q ): CF wz

after angular integration

o~ T () 2 ()
olX,y =
VXY
Xy 4
kg(X,y) = 6De 27

X < 2\/_|1< \/_>+(x+y—2w2)lz<2g;(—y>>
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“Gaussian” interaction

Parameters: D = 16 and w = 0.5
Function: y — ko(1,y)
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“Gaussian” interaction

Parameters: D = 16 and w = 0.5
Function: y — ko(—1,y)
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“Gaussian” interaction

Functions oa(x) (blue) and og(x) (red):

10

N

-2 —1\1

A(x)

@ oa(x) = RO 182X o(X) =

1 2

B(x)
AZ(x)x+B2(x)

@ Approximation: no pole contribution, i.e., Ir(x) =0

D. Kekez (IRB Zagreb) SDE: Minkowski to Euclidean Heviz 2008



“Gaussian” interaction

Im(2)

0
Re(2)

Contour plot of the function z — log |A%(z)z + B?(z)|. The black points
are solutions of the equation A%(z)z + B?(z) = 0.

Heviz 2008 17137
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“Gaussian” interaction

3D plot of the function z — | ey e |

@ There are infinitely many poles in the complex plane
@ Functions z — A(z) and z — B(z) are analytic
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Bloch’s Ansatz

@ Forx,yeR,x>0andy >0

im?Cea X
ko(X,y) = 27\/)%0 —)—/+2—¥
n CO/\4QCD —2i(x + y)\/%/\(zgco —(x-y)?
Xy
B \/CoA“QCD +2i(x +Y) oMb — (X — ¥)? ]
Xy

@ For x € C = more complicated analytic expression
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Bloch’s Anatz

Functiony — Kko(1,y)
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Bloch’s Ansatz

Functiony — ko(—1,y)
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Bloch’s Ansatz

Function x — M(x)

0.3

2 T~ 1 2

@ approximation Ig(x) =0 = M(x) — M(x)
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Bloch’s Ansatz

Function Q? — g(Q?) has the poles for

Q2 e {ie, i\/@/\écoy —i\/QA(ZQCD}
The poles of the function k° — g(—(k® — p®)2 + |k —p|?) are

(K12 = po+k|Fie
(K34 = %+ /K —iveoh]en
(K56 = PO+ /[ +ivCoN]en
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Bloch’s Ansatz

Singularities (ko); of the function k° — g(—(k® — p®)2 + |k |2) in the
complex k° plane for p® = 1 and various values of |k |. For example,
the red dots emphasize location of the poles for |k | = 0.4.
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Bloch’s Ansatz

]
+o0 (0)
M@ (x) _m+i yME2(y)

53 )y VyTmopg) ey

@ calculate Iéo) (x)...

3 +o0 M(l)
/ dy MWy vy

y + (MM)2(y)

@ etc...

Problem: M(9)(z) = M(x) is not analytic: § dz M(z) # 0 generally
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Bicudo’s Ansatz

Interaction kernel

1

1
2y _ 4 _
9(Q%) = 4ra BTNy

after angular integration

Ko(X,y) = Xy [)\2 A5 — \/(X +y + A2)2 — 4axy

+\/(x +y+A3)2 - 4xy]

@ thisisforx,y e R,x >0andy >0
@ For x € C = more complicated analytic expression
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Bicudo’s Ansatz

For spacelike momenta p the poles are

(k)12 = Hy\/Ik —pP+A2Fie

(ko)374 = =+ |k—p\2+)\§$|6

*3
R
0 6% |

——
(k) (k%%

= |R(X) =0

S
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Bicudo’s Ansatz

For timelike momenta p the poles are

(k12 = pE/kP+ A2 Fie
(k%34 = pL/k2+ A3 Fie

0.4
0.2
(k0)4 l o (k0>1
5 -2.5 25 5 7Frwo—ms = IrR(X)#0
(kO)z -0 (k0)3
0.4
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Bicudo’s Ansatz

Spacelike region: function s — M(10%).

29/37
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Bicudo’s Ansatz

Timelike region: function s — M(—10%).

L

e o o o ©
L N,
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Bicudo’s Ansatz

The pole contribution (for x < 0)

IR(X)
= les2(X) + lresa(X)

8 . max{0,—x—X2} y )
= |§7r al/o dy y+)\§f<X—)\1+2\/—X y+)\§>

+ (a1 — —a1, A1 — Ap)
_ 38 MK
® () =~y xom2(0)
@ h(y) =X — A2 +2,/=X4/y + A2 can be negative!

@ Can we iterate?
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Bicudo’s Ansatz

Timelike region: function s — Igr(—10%), first iteration
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@ Blue is the real part and red is the imaginary part
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Separable Ansatz

Assuming a Feynman-like gauge
9°G" = g"'D(—k?).

and a separable Ansatz

D(—(p — k)?) ~ Do fo(—p?)fo(—k?) — D1 (p - K)f1(—p?)f(—k?)
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Separable Ansatz

Solution of SDE:

A(xX) = 1+afy(x)
B(x) = m+bfy(x)

1 * xdx  xA(X)f1(x)
= =D
a 2 1CF/0 1672 A2(x)x + B2(x)

B © xdx  B(x)fp(x)
b = 4D°CF/O 1672 A2(X)X + B2(x)
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Separable Ansatz

Form factors:

fo(x) = e/
1+ e */N
1+ e~ (x—x)/Af

Parameters:

Ao = 0.758 GeV A, = 0.960 GeV Xu = 0.62 GeV2 m = 5.49 MeV

a=0.67 b=0.65GeV?

D. Kekez (IRB Zagreb) SDE: Minkowski to Euclidean Heviz 2008 35/37



Separable Ansatz

Im(2)
o

-3 -2 -1 0 1
Re(2)

Model E: Contour plot of the function z — log |A(z)?z + B(z)?|. The
red points are solutions of the equation A(z)?z + B(z)? = 0.
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Conclusion

@ Itis relativly easy to solve SD in the Euclidean space, but it is
non-trivial task to extrapolate this solution to the timelike region (or
even to the whole complex plane)

@ If we need solution of SDE in both the spacelike and timelike
region, is it more economic to solve SDE in the Minkowski space?
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